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RIBBONLENGTH AND CROSSING NUMBER FOR FOLDED RIBBON KNOTS
ELIZABETH DENNE
ABSTRACT. We study Kauffman’s model of folded ribbon knots: knots made of a thin strip of paper
folded flat in the plane. The ribbonlength is the length to width ratio of such a folded ribbon knot.
We show for any knot or link type that there exist constants c1, c2 > 0 such that the ribbonlength is
bounded above by c1Cr(K)2, and also by c2Cr(K)3/2. We use a different method for each bound.
The constant c1 is quite small in comparison to c2, and the first bound is lower than the second for
knots and links with Cr(K) ≤ 12,748.
1. INTRODUCTION
In 2005, L. Kauffman [28] described a flat knotted ribbon, or a folded ribbon knot, which can be
imagined as a knot tied in a long thin rectangular strip, then flattened to the plane. The ribbon can
be thought of as a set of rays parallel to a polygonal knot diagram, where the folds act as mirror
segments, and the over and under information is appropriately assigned. This is illustrated for the
trefoil knot in Figure 1.
FIGURE 1. On the left a folded ribbon trefoil knot. On the right, the folded trefoil
knot has been “pulled tight”, minimizing the folded ribbonlength.
For a knot (or link) K, we denote a folded ribbon knot as Kw, where w is the fixed width of
the ribbon. We define the folded ribbonlength Rib(Kw) to be the length of K divided by the
width of the ribbon. The ribbonlength problem asks to find the minimum folded ribbonlength
needed to tie a folded ribbon knot for a particular knot or link type. There are a number of papers
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2 ELIZABETH DENNE
[13, 16, 28, 29, 32] which find upper bounds for folded ribbonlength of both specific knots and
families of knots. An overview of this problem can be found in [14]. In addition, we note that
the ribbonlength problem is a 2-dimensional version of the ropelength problem which asks to find
the minimum amount of rope needed to tie a knot in a rope of unit diameter. (See for instance
[5, 9, 22, 25, 31].) The formal definition of a folded ribbon knot and folded ribbonlength can be
found in Section 2.1, and Section 2.2 gives some technical results about the geometry of a fold in
a folded ribbon knot.
In this paper we are chiefly interested in the following problem: given a knot or link type K
with crossing number Cr(K), can we find a particular example of Kw with Rib(Kw) less than
some function of Cr(K)? A detailed discussion of this problem can be found in Section 2.3. This
question has also been asked for the ropelength problem, and our paper has been motivated by
some of the many results about ropelength and crossing number.
Our first main theorem is found in Section 3, and uses arc-presentations of knots and links in its
proof. Theorem 1 is inspired by the work of Grace Tian [32], and J. Cantarella, X.W.C. Faber and
C. Mullikin [7].
Theorem 1. Any non-split link type L contains a folded ribbon link Lw with
Rib(Lw) ≤
{
0.32Cr(L)2 + 1.28Cr(L) + 0.23 when the arc-index of L is even,
0.64Cr(L)2 + 2.55Cr(L) + 2.03 when the arc-index of L is odd.
In particular, this bound holds for prime knots.
We use the second equation to get similar bounds for composite links in Theorem 9.
In Section 4, we obtain even better upper bounds on folded ribbonlength by using a particular
embedding of a knot in the cubic lattice developed by Y. Diao, C. Ernst and X. Yu [20]. We project
this embedding to the plane and find the following.
Theorem 2. Any knot or link type K contains a folded ribbon knot Kw with
(1) Rib(Kw) ≤ 9Cr(K)3/2 + 8Cr(K) + 6
√
Cr(K) + 4, if K is minimally Hamiltonian, and
(2) Rib(Kw) ≤ 72Cr(K)3/2 + 32Cr(K) + 12
√
Cr(K) + 4, otherwise.
Here, a knot or link which has a minimal crossing diagram containing a Hamiltonian cycle is
called minimally Hamiltonian (see Section 4).
We note that Theorem 2 gives the best results for folded ribbonlength for knots and links with
large crossing number. We have included Theorem 1 in this paper, as 0.64Cr(L)2 + 2.55Cr(L) +
2.03 is smaller than 72Cr(K)3/2+32Cr(K)+12
√
Cr(K)+4 when Cr(K) ≤ 12, 748. Since just
about all knots and links that are usually encountered in physical applications have small crossing
number, both theorems are useful.
2. FOLDED RIBBON KNOTS AND RIBBONLENGTH
2.1. Definition and ribbonlength. Following standard knot theory texts (for instance [1, 12, 26])
we assume that a knot K is an embedding K : S1 → R3 that is ambient isotopic to a polygonal
knot. A link is a finite disjoint union of knots. A knot diagram is a projection of K onto a plane,
where gaps are added to show the relative heights of two strands at a crossing. As mentioned above,
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our work on folded ribbon knots is inspired by the work of Kauffman [28]. A detailed discussion
of the definition of a folded ribbon knot can be found in [16], and we only give an overview of the
main ideas here. (Note that an even more general description for smooth ribbon knots in the plane
can be found in [17].)
In order to construct a folded ribbon knot, we take a polygonal knot diagram, and build a ribbon
around it. We denote the vertices of the diagram by v1, v2, . . . , vn and edges e1 = [v1, v2], . . . , vn =
[vn, v1]. IfK is an oriented knot, we assume the numbering of vertices and edges follows the orien-
tation. Note that we do not assume that the polygonal knot diagram is regular, instead we remember
that the crossing information is assumed to be consistent (see [16] Definition 2.2). This means, for
example, that the unknot can have a polygonal knot diagram with just two edges, where one edge
is “over” the other edge. This unknot diagram captures the following example: take a ribbon which
is an annulus, and then fold it flat with two folds.
We now construct our folded ribbon knot of width w following [16] Definitions 2.4 and 2.5. We
start by defining the fold angle at vertex vi to be the angle θi (where 0 ≤ θi ≤ pi) between edges
ei−1 and ei. (This angle is said to be positive when ei is to the left of ei−1 as in Figure 2 (left),
and is negative when ei is to the right.) Second, we view the polygonal knot diagram K as the
centerline of the folded ribbon knot, with the edges of the ribbon at distance w/2 from K. Third,
the geometry of the situation then requires that the fold line is perpendicular to the angle bisector
of the fold angle. For example, in Figure 2 (left), the fold angle is θi = ∠ECF , the angle bisector
is DC, and the fold line is AB. Using the geometry of the figure we see that ∠GAB = θi/2 in
right triangle 4AGB. Thus |AB| = wcos(θi/2) guarantees the ribbon width |AG| = w. Fourth, the
folded ribbon’s boundary is constructed by joining the ends of the fold lines at each vertex.
In summary, we take an oriented polygonal knot diagram K and constructed a folded ribbon
knot as follows.
(1) If the fold angle θi < pi, we place a fold line of length wcos(θi/2) centered at vi perpendicular
to the angle bisector of θi. If θi = pi, there is no fold line.
(2) Add in the ribbon boundaries by joining the ends of the fold lines at vi and vi+1.
(3) The folded ribbon knot inherits an orientation from K.
A
B
C = vi
θi
ED
F
G
ei
ei−1
ei
ei−1ei+1
vivi+1
FIGURE 2. On the left, a close-up view of a ribbon fold, with fold angle θi =
∠FCE. On the right, the construction of the ribbon centered on edge ei. Figure
re-used with permission from [16].
The astute reader will realize that a folded ribbon knot is really a PL-immersion of an annulus or
Mo¨bius strip into the plane, where the fold lines are the only singularities. In addition, we note that
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very wide ribbons might not be physically possible. Parts of the ribbon cannot pierce the folds, as
might happen to the folds in Figure 2 (right) if the width gets too large. To prevent this, we assume
the fold lines are disjoint. More formally, we define the notion of an allowed ribbon.
Definition 3 ([16] Definition 2.7). Given an oriented polygonal knot diagramK, we say the folded
ribbon Kw of width w is allowed provided
(1) The ribbon has no singularities (is immersed), except at the fold lines which are assumed
to be disjoint.
(2) Kw has consistent crossing information, and moreover this agrees
(a) with the folding information at each fold, and
(b) with the crossing information of the knot diagram K.
From now on we assume that our folded ribbon knots have an allowed width. This is a
reasonable assumption, since we can always construct folded ribbon knots for “small enough”
widths (proved in [15]).
Given a folded ribbon knot, we can ask to find the least length of paper needed to tie it. To
formalize this idea we define a scale-invariant quantity called folded ribbonlength.
Definition 4 ([28]). The folded ribbonlength of a folded ribbon knot Kw of width w is defined to
be the following:
Rib(Kw) =
Len(Kw)
w
.
The (folded) ribbonlength problem asks us to “minimize” the folded ribbonlength of knot or
link type. Here, we have two choices. We can fix the width and find the infimum of the length of
a knot diagram, or we can fix the length of the knot diagram and find the supremum of the width.
As a simple example, consider the folded ribbon unknot (described above) with knot diagram
consisting of just two edges. The ribbonlength here is zero. Either the width is fixed and the length
Len(K) → 0, or the length is fixed and the width w → ∞. In practice, for a folded ribbon knot
Kw, we will usually set the width w = 1, and compute the length of the the knot diagram. In
this case, finding the folded ribbonlength is simple: Rib(Kw) = Len(K), and the computation
gives an upper bound on the minimum folded ribbonlength for the knot type. As mentioned in the
introduction, there are a number of papers, including [13, 16, 28, 29, 32], which compute upper
bounds for folded ribbonlength of specific knots and of certain infinite families of knots.
2.2. Local geometry of folded ribbons. Before we get into the main results of the paper, we
pause to examine the geometry of a fold in a folded ribbon knot. In Figure 3 we see folds where
the fold angle is acute (left) and obtuse (right). In both cases, the fold from angle θ consists of
two overlapping triangles of ribbon, determined by the knot diagram DC + CH . Again using
the notation in Figure 3, we define an extended fold from angle θ to be the ribbon determined by
EC +CI . We will use the folded ribbonlength of an extended fold to get our first upper bound on
folded ribbonlength in Section 3.
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FIGURE 3. On the left a fold where the fold angle ∠DCH = θ is acute, on the
right a fold where the fold angle is obtuse.
Remark 5. In the following, use the notation in Figure 3, and assume the fold angle ∠DCH = θ,
with 0 < θ < pi. LetD = EC+CI denote the knot diagram of an extended fold from angle θ. We
have used the geometry of parallel lines and trigonometric arguments (in [15] Proposition 14) to
show that |DC| = w
2 sin θ
, and |DE| = (w/2) cot θ when θ is acute, and |DE| = (w/2) cot(pi − θ)
when θ is obtuse. This means the length of D is
Len(D) = |EC|+ |CI| =
{
w cot(θ/2) when 0 < θ ≤ pi/2,
w cot(pi/2− θ/2) when pi/2 ≤ θ < pi.
We then deduced (see [15] Corollary 16) that the folded ribbonlength of the extended fold Dw is
the following
Rib(Dw) =
{
cot(θ/2) when 0 < θ ≤ pi/2,
cot(pi/2− θ/2) when pi/2 ≤ θ < pi.
2.3. Folded ribbonlength and crossing number. The results in this paper have been inspired by
trying to understand the relationship between the folded ribbonlength of a knot K and its crossing
number Cr(K). The ribbonlength crossing number problem asks us to find constants c1, c2, α, β
such that
(1) c1 · (Cr(K))α ≤ Rib(Kw) ≤ c2 · (Cr(K))β.
Y. Diao and R. Kusner [21] conjecture that α = 1/2 and β = 1 in Equation 1, and have work in
progress showing α = 1/2. The rest of this paper is devoted understanding Equation 1.
Just as the folded ribbonlength problem is a 2-dimensional analogue of the ropelength problem,
the conjecture above is the analogue of the ropelength crossing number problem finding upper and
lower bounds on ropelength in terms of crossing number. There have been many papers making
progress this problem, for example [4, 6, 7, 8, 9, 18, 19, 20, 23, 24].
We now give evidence for the conjecture that α = 1/2 by giving examples of infinite families of
knots and links where for each p in the range 1/2 ≤ p ≤ 1, there is a constant cp > 0 such that
Rib(Kw) ≤ cp · Cr(K)p.
Example 6. Inspired by G. Buck [4], we give example of an infinite family of links with p = 1/2.
In Figure 4 (left), we see a folded ribbon link diagram of a Hopf linkA∪B. Here, bothA andB are
unknots with 2 edges that are linked together. We now change this diagram to give a “fat” Hopf link.
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A
B
A1
A2
A3
A4
A5
A6
FIGURE 4. On the left, a folded ribbon Hopf Link A ∪ B. On the right, a simple
folded ribbon chain link with 6 components.
Suppose thatA consists of n nested unknots and thatB consists of n nested unknots, where each of
A’s unknots is linked with all n of B’s unknots and vice versa. To give some more details, set the
width w = 1, and let the length of one component of A to be Len(Ai) = 2(1 + 1/2i) ≤ 3. Arrange
the n-components of A so that A2 is nested inside of A1, A3 is nested inside of A2 and so on. For
example, suppose the projection ofA1 is [−3/4, 3/4] on the x-axis, the projection ofA2 is [−5/8, 5/8]
on the x-axis, the projection of A3 is [−9/16, 9/16] on the x-axis, etc. Similarly, we can arrange the
nested components of B to lie along the y-axis, and have each component of B be linked with all
of the components ofA. (We will omit a detailed description of the crossing information of the arcs
involved.) We compute the folded ribbonlength Rib((A ∪B)w) ≤ 2 · 3 · n = 6n, and the crossing
number Cr(A∪B) = 2 ·n ·n = 2n2. Together this means that Rib((A∪B)w) ≤ 3
√
2 ·Cr(K)1/2.
Example 7. We now follow the ideas of J. Cantarella, R. Kusner, J.M. Sullivan [8] to find an ex-
ample of an infinite family of links where p = 1. Take a simple chain link L of n-components,
where each component is a unknot made of 2 edges, and consider the corresponding folded rib-
bon link Lw. For example, a 6-component simple chain folded ribbon link is shown in Figure 4
(right). In that figure, we have exaggerated the length of each component to make the link easier
to understand. When the width w = 1, we can arrange for the two end components to have folded
ribbonlength 2, and the other (n − 2)-components to have folded ribbonlength 4. Thus the folded
ribbonlength Rib(Lw) = 4 ·(n−2)+2 ·2 = 4n−4, while the crossing number Cr(L) = 2(n−1).
Together this gives Rib(Lw) ≤ 2 ·Cr(L). We can take combinations of “fat” Hopf links and simple
chain links to give many different families of link types L. We can choose the combinations such
that for any p in the range 1/2 ≤ p ≤ 1, there is a constant cp > 0 and a folded ribbon link Lw with
Rib(Lw) ≤ cp · Cr(L)p.
In 2020, the first author along with J.C. Haden, T. Larsen, and E. Meehan [15] proved that for
any p, q ≥ 2, there is a constant c > 0, such that the (p, q) torus link type L contains a folded
ribbon link Lw, such that
Rib(Lw) = p+ q ≤ c · Cr(L) 12 .
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Specifically, (in [15] Theorem 5) we showed that if p, q ≥ 2 and p = aq + b for integers a, b ≥ 0,
then c = 2
√
2(a+ b2). This again gives evidence that α = 1/2 in Equation 1. As a simple example,
we apply this result to the infinite family of torus knot types T (q + 1, q). For this family we have
a = 1 and b = 1. Hence for each q = 2, 3, 4, . . . , the (q+1, q) torus knot type K contains a folded
ribbon knot Kw with
Rib(Kw) ≤ 3
√
2(Cr(K))
1
2 .
This last example is not unexpected, in that T (n, n− 1) torus families are an example in [8] where
ropelength grows as the 3/4 power of crossing number.
The next question to tackle is to ask what is known about the upper bound β in Equation 1?
B. Kennedy, T.W. Mattman, R. Raya, and D. Tating [29] made a good start on this question by
giving upper bounds on folded ribbonlength for the (p, 2), (q + 1, q), (2q + 1, q), (2q + 2, q),
and (2q + 4, q) torus knot families. They combined this, with fact that the crossing number of a
(p, q) torus knot is min{p(q − 1), q(p − 1)}, to show the upper bound on folded ribbonlength is
quadratic in crossing number for the (p, 2) torus knots, and linear in crossing number for the four
other torus knot families. Again in 2020, the first author and undergraduate students [15] gave a
new constructions of 2-bridge knots, (2, p) torus, twist and pretzel knots. (These were the first
folded ribbon constructions for 2-bridge and pretzel knots.) Using these constructions we showed
the upper bound of folded ribbonlength is linear in crossing number for these families of knots and
links.
In 2017, Tian [32] provided the first proof that in Equation 1, β ≤ 2 for all knots and links. She
used the fact that every knot and link has a grid diagram associated to it [10, 30]. A grid diagram,
with grid number n, is an n× n square grid with n X’s and n O’s arranged so that every row and
column contains exactly one X and one O. The grid index of a knot, g(K), is the minimum grid
number needed for the knot, and we know g(K) ≤ Cr(K) + 2 (see [2, 3, 11]). Tian showed that
(2) Rib(K) ≤ 2g(K)(g(K)− 1) ≤ 2Cr(K)2 + 6Cr(K) + 4.
It turns out that we can do better! The fact that every knot has a grid diagram comes from the
fact that every knot has an arc-presentation. In Section 3, we use arc-presentations to get an upper
bound on folded ribbonlength which is quadratic in crossing number and has smaller coefficients
than those in Equation 2 . Finally, in Section 4, we are inspired by a particular embedding of a
knot in the cubic lattice by Diao et al. [20] to do even better. We prove that for all knots and links,
β ≤ 3/2 in Equation 1.
3. ARC-PRESENTATIONS, RIBBONLENGTH AND CROSSING NUMBER
In 2004, Cantarella, Faber and Mullikin [7] use arc-presentations of knots to get an upper
bound on ropelength which is quadratic in crossing number. Inspired by this work, we use arc-
presentations to get an upper bound on folded ribbonlength which is quadratic in crossing number.
We recall that an arc-presentation of a link L, is an embedding of L in a finite number of α open
half-planes around a common axis so that each half-plane meets L in a single simple arc. (See
for instance [7, 12].) The minimum number of pages needed to present a link in the manner is a
link invariant called the arc-index of L, and is denoted by α(L). It is known that every link has
an arc-presentation [12]. In addition we know for that any-non split link has α(L) ≤ cr(L) + 2
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e
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5
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bd
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2
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4 5
FIGURE 5. Two views of an arc-presentation of a trefoil knot. On the left, an axial
form where the numbers on the arc indicate the half-plane the arc lies in. On the
right, a spoked form where each spoke represents an arc and the letters represent
the points where the arc intersects the axis.
(with equality when the link is alternating [11], and with the strict inequality when the link is
non-alternating [2, 3]).
Following [7], we can arrange (by isotopy) for L to intersect the axis only at points 1, 2, . . . , α.
We can arrange for the planes to be located at angle θi = 2piiα for i = 0, 1, . . . , α − 1, around
the axis. Using the same notation as in [7], we specify the arc-presentation by a triple (xi, yi, θi),
where this notation describes an arc from xi to yi on the plane at angle θi around the axis. An
arc-presentation of the trefoil knot is shown in Figure 5 left, where the numbers along each arc
indicate the plane that each arc lies in. For example, (e, c, 0) denotes the arc in the first plane, and
(d, b, 2pi/5) denotes the arc in the second plane. Figure 5 right shows the arc presentation viewed
from a point on the axis above the knot. In this spoked form, the axis is the central point, and each
arc is a spoke coming out from it. The numbers at the end of the spoke are the points where the arc
intersects along the axis.
Proposition 8. An arc-presentation of a link L with arc-index α can be realized with folded rib-
bonlength at most
Rib(Lw) ≤
{
α cot(piα) when α is even,
α cot( pi2α) when α is odd.
Proof. To compute the ribbonlength we assume that the width w = 1, and find the length of the
link diagram. We use the spoked form of the arc-presentation for L. We can view the folded ribbon
traveling along each spoke from the end to the center and out again. The angle between each
consecutive spoke is 2pi/α.
The ribbonlength of one spoke (from the end to the center) is bounded below by the ribbonlength
of half of an extended fold D from angle θ. Recall from Remark 5 that
Rib(D) =
{
cot(θ/2) when 0 < θ ≤ pi/2,
cot(pi/2− θ/2) when pi/2 ≤ θ < pi.
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This function increases as θ → 0 and as θ → pi. The smallest angle we need to worry about is
θ = 2pi/α. Here, Rib(D) = cot(pi/α) and the ribbonlength of a single spoke is at most 12 · cot(pi/α).
We now consider the largest angle that θ can be. We first note that when the angle between the
spokes is pi, there is no fold, and the ribbon just goes straight across. The largest angle for our fold
angle θ then depends on whether α is even or odd. When α is even, we find this is
θ =
2pi
α
(α
2
− 1
)
= pi
(
1− 2
α
)
,
and pi − θ = 2pi/α. Here, the ribbonlength of the spoke with this fold angle is bounded below
by 12 · cot(pi/α), the same as the acute case. This leads us to deduce that when α is even, the
ribbonlength of the folded ribbon link is at most
Rib(Lw) ≤ 2α · 1
2
· cot(pi
α
) = α cot(
pi
α
).
When α is odd, we find the largest fold angle is
θ =
2pi
α
(
α− 1
2
)
= pi
(
1− 1
α
)
,
and pi − θ = pi/α. Here, the ribbonlength of the spoke with this fold angle is bounded below by
1
2 ·cot(pi/2α), which is larger than the acute case. For α odd, we deduce that the folded ribbonlength
of the folded ribbon link is at most
Rib(Lw) ≤ 2α · 1
2
· cot( pi
2α
) = α cot(
pi
2α
).

We are now ready to prove Theorem 1: any non-split link type L contains a folded ribbon link
Lw with
Rib(Lw) ≤
{
0.32Cr(L)2 + 1.28Cr(L) + 0.23 when the arc-index of L is even,
0.64Cr(L)2 + 2.55Cr(L) + 2.03 when the arc-index of L is odd.
Proof of Theorem 1. Let L have arc-index α(L). We know that α(L) ≤ cr(L) + 2. Taylor’s theo-
rem says cot(x) = 1x− x3 − x
3
45 − . . . , and we will only use the first two terms in our approximation.
We now combine these facts along with the formulas from Proposition 8. For α even we get
Rib(L) ≤ α cot(pi
α
) ≤ α
2
pi
− pi
3
≤ 1
pi
(Cr(L) + 2)2 − pi
3
=
1
pi
Cr(L)2 +
4
pi
Cr(L) +
4
pi
− pi
3
≤ 0.32Cr(L)2 + 1.28Cr(L) + 0.23.
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A similar computation for α odd gives
Rib(L) ≤ α cot( pi
2α
) ≤ 2
pi
Cr(L)2 +
8
pi
Cr(L) +
8
pi
− pi
6
≤ 0.64Cr(L)2 + 2.55Cr(L) + 2.03.
In each case the decimal approximation was chosen to be greater than the constants in the equations.

When we apply Theorem 1 to a knot K, we see this a huge improvement over Tian’s [32] bound
of Rib(K) ≤ 2(Cr(K))2 + 6Cr(K) + 4.
Theorem 9. Any non-split link type L with prime components L1, L2, . . . , Ln, contains a folded
ribbon link Lw with
Rib(Lw) ≤ 0.64
n∑
i=1
Cr(Li)
2 + 2.55
n∑
i=1
Cr(Li) + 2.03n.
Proof. Assume that we have found minimal arc-presentations of all of the component links. Then
arrange the component links in their spoked form and use the bounds on ribbonlength as in Theo-
rem 1. We will show that for any prime links L1 and L2 we can arrange L1#L2 so that
Rib(L1#L2) ≤ Rib(L1) + Rib(L2).
To complete the proof, we apply the larger of the two bounds from Theorem 1 to each Li and then
sum them up.
We start by arranging that the spoked form of L1 is placed below the spoked form of L2. The
topmost arc of L1, respectively the bottom arc of L2, is a path from one end point of a spoke to the
center then out to an end point of a different spoke. We replace each of these arcs by a straight line
segment of length `1 and `2 respectively. By the triangle inequality, these straight line segments
have length less than or equal to the spokes they replace. See Figure 6.
Now rotate and translate L2 so the straight line segments are collinear and share one endpoint.
To complete that construction of L1#L2, we remove the straight line segments. We then join L1
and L2 at the shared end point and by a new straight line segment of length |`1 − `2| between the
remaining end points of the removed straight line segments. At each step, observe that we reduce
the ribbonlength. 
L1 L2
FIGURE 6. The top (respectively bottom) pairs of spokes of L1 (resp. L2) are
shown in red. In the first step of constructing L1#L2, these spokes are replaced
by the dotted straight-line segments.
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Recall that Theorems 1 and 9 were heavily inspired by the results of Cantarella et. al [7] relating
ropelength to crossing number. We note that other authors [23, 24] improved the coefficients in the
ropelength case even further by embedding the knot in the cubic lattice. We have chosen not to
apply their results to this case, since we have discovered an even better bound for ribbonlength as
shown in the next section.
4. HAMILTONIAN KNOT PROJECTIONS, RIBBONLENGTH AND CROSSING NUMBER
In this section we use a construction by Diao, Ernst and Yu [20], in order to show that the folded
ribbonlength of any knot or link K is bounded above by a multiple of Cr(K)3/2. The key result
of [20] is the proof that any knot or link can be embedded the cubic lattice in a particular way.
To get our bounds on folded ribbonlength in terms of crossing number, we simply take this cubic
lattice embedding of a knot and project to the xz-plane. While this idea is very simple, we will
spend time explaining the notation and key steps of the construction in [20] to allow the reader to
easily understand where our formulas come from.
4.1. Notation. We start by reminding the reader that the cubic lattice is the three dimensional grid
(Z × R × R) ∪ (R × Z × R) ∪ (R × R × Z). The planar lattice is the two dimensional grid
(Z× R) ∪ (R× Z). We will eventually measure the length of paths in the cubic lattice and in the
planar lattice. We will use ax (where a ∈ N) to mean we have taken a total of a steps in the x
direction. Unlike [20], we won’t keep track of steps in the positive or negative direction, just the
total number of steps taken. So 2x could mean 2 steps in the same x-direction, or one step in the
positive and one step in the negative x-direction. Similarly, we will use ay (and az) for the total of
a steps in the y-direction (and z-direction). In the work that follows, we will need to keep track of
these three numbers for a path, as well as the total length of a path.
Definition 10. Suppose P is a path in the cubic lattice and the total number of steps taken in x, y
and z directions is ax+ by + cz. We define the step number of P to be Step(P) = ax+ by + cz.
The total length of P is then Len(P) = a+ b+ c.
We now review notation and background from [20]. Given any knot or link K, we can find a
reduced1, regular projection of K denoted pr(K). This projection can viewed as a 4-regular plane
graph2 G, where we have treated the crossings of pr(K) as vertices, and the arcs of pr(K) joining
these crossings as edges. In this case, we say that G is an RP-graph of K. If the projection pr(K)
has Cr(K) number of crossings, then we say G is a minimal RP-graph of K. We let V (G) denote
the set of vertices of G, and E(G) denote the set of edges of G. Recall that a Hamiltonian cycle in
a graph G is a cycle that contains all vertices of G. We say a knot K is Hamiltonian if there there
is a knot K ′ equivalent to K such that K ′ has a Hamiltonian RP-graph. Diao et al. then prove that
Theorem 11 ([20] Theorem 3.6). Every knot or link K admits a Hamiltonian RP-graph with at
most 4 · Cr(K) vertices.
1A reduced knot diagram contains no reducible crossings. A crossing is reducible if there exists a circle in the
projection plane meeting the crossing transversely, but not meeting the knot diagram in any other point.
2A 4-regular plane graph is a planar graph where all vertices have degree 4.
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Before we go any further, we outline our method (inspired by [20]) of finding bounds on folded
ribbonlength.
Stage 1: Given any knot or link K, we find its Hamiltonian RP-graph G.
Stage 2: We embed G into the cubic lattice, and denote this embedding by F . (Diao et al. [20]
prove that their construction guarantees that F is ambient isotopic to G.)
Stage 3: We modify the embedded graph F to give an embedded knot in the cubic lattice which is
equivalent to K.
Stage 4: We project the embedded knot in the cubic lattice to the xz-plane to give a polygonal
knot diagram.
Stage 5: We use the polygonal diagram as the core-curve of a folded ribbon knot of width w = 1.
We have discussed Stage 1 above. We will describe Stage 2 in detail in Section 4.2, and Stages
3, 4 and 5 will be described in Section 4.3.
Before we get into the details of Stage 2, we need to introduce some more notation (following
[20] Notation 4.2). Let G be a Hamiltonian RP-graph of a knot or link K in the plane z = 0,
and let C be a Hamiltonian cycle in G. Let n = |V (G)| be the number of vertices of G. We let
v1, v2, . . . , vn represent a cyclic order of the vertices of G as we walk along the Hamiltonian cycle
C. We also let k = d√ne.
Observe that the Hamiltonian cycle C is a simple closed curve in a plane, so divides the plane
into a bounded and unbounded region. The edges in the set E(G) \ E(C) are divided into two
groups. Those in the bounded regions called B-edges, and those in the unbounded region called
U-edges. In Section 4.2 we will first embed C in the cubic lattice, and then embed the U - and
B-edges into the cubic lattice.
Exactly how the U - and B-edges are arranged depends on the other edges in E(G) \ E(C).
Recall that G is a 4-regular graph from a reduced, regular knot projection. Hence, at each vertex
v`, there are 2 distinct edges of G incident with v` which are not on C. Following the notation in
[20] Section 4.5, we say v` is of type (a) if one edge is a U -edge and one edge is a B-edge. We say
v` is of type (b) if these two edges are both U -edges. We say v` is of type (c) if these two edges are
both B-edges.
4.2. Embed Hamiltonian RP-graphs in the cubic lattice. In this section we describe Stage 2:
how to embed G, the Hamiltonian RP-graph of K, into the cubic lattice. We do this in in 3 steps.
The first step is to embed the vertices of G in the cubic lattice in the plane z = 0. Informally, we
embed the vertices ofG into a square region by snaking the vertices to and fro as shown in Figure 7.
More formally, following [20] Section 4.4, and we embed v1, . . . vk in this order along the y-axis
starting with v1 at (0, 3, 0) and increasing the y-coordinate 3 units at a time, ending with vk at
(0, 3k, 0). We then embed vk+1, . . . , v2k on the line determined by x = 3, z = 0 by starting with
vk+1 at (3, 3k, 0) and decreasing the y-coordinate 3 units at a time, ending with v2k at (3, 3, 0).
This construction is repeated until all vertices are arranged. It is possible that the (k− 1)st column
does not contain any vertices of G, for example when n = 6, or n = 11.
The second step of the embedding of G into the cubic lattice is to embed the edges of C in the
cubic lattice between the planes z = −1 and z = 1. The following discussion summarizes [20]
Section 4.5. We first connect the vertices v` to v`+1 for ` = 1, 2, . . . , n − 1. The possible paths
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FIGURE 7. The embedding of the vertices of the Hamiltonian cycleC in the z = 0
plane for n = 8 and n = 15.
taken are shown in [20] Figure 13. In each case, we will take the longest possible path between the
vertices. The longest path occurs when vertex v` is of type (b) or (c), and so has an extra 2 steps in
the z direction. We take those paths between consecutive vertices connected by steps only in the
y-direction (for example from v1 to v2, or from v2 to v3). There are (n − 1) − (k − 1) = n − k
such paths, each with step number at most 3y + 2z. We next take the (k − 1)-paths connecting
vertices connected with steps in the x direction. The step number here is at most 3x + 4y + 2z.
(Notice that these paths travel in the x-direction either along the line given by y = 1, z = 0, or the
line y = 3k + 2, z = 0.)
The final path to consider is the path connecting vn to v1. Observe that by definition of k, we
have n = i · k + j, for some k − 2 ≤ i ≤ k − 1, and 1 ≤ j ≤ k. The shape of the path from vn
to v1 depends on whether i is even or odd. It turns out that the longest lattice path occurs when i is
even and vn is of type (b) or (c), so we restrict our attention to that case. An example of the outline
of this path is given in Figure 7 (left). This path connects vn at (3i, 3j, 0) to v1 at (0, 3, 0) (and
travels the longest distance in the x-direction along the x-axis). In order to clarify [20] Section 4.5,
we see the path passes through these vertices in order: (3i, 3j, 0), (3i, 3j,±1), (3i, 3j + 2,±1),
(3i, 3j +2, 0), (3i+2, 3j +2, 0), (3i+2, 0, 0), (0, 0, 0) then (0, 3, 0). Using the bounds from the
definition of i and j, we find this gives us a step number of at most
(3i+ 4)x+ (3j + 7)y + 2z ≤ [(3(k − 1) + 4]x+ (3k + 7)y + 2z
= (3k + 1)x+ (3k + 7)y + 2z.
We now add together all the different sub-paths in the embedded Hamiltonian cycle C to find
that the step number of C is at most
Step(C) ≤ (n− k)(3y + 2z) + (k − 1)(3x+ 4y + 2z) + (3k + 1)x+ (3k + 7)y + 2z
= (3k − 3 + 3k + 1)x+ (3n− 3k + 4k − 4 + 3k + 7)y + (2n− 2k + 2k − 2 + 2)z
= (6k − 2)x+ (3n+ 4k + 3)y + (2n)z.
In the Remark in Section 4.5 in [20], Diao et al. bound the lattice length of C from above:
Len(C) ≤ 5n − 11k. They then use this bound in their later equations for lattice length and
ropelength. We will keep our bound on the step number of C unchanged, so the coefficients in our
equations later on will be a little different from those in [20].
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The third step of the embedding of G into the cubic lattice is to embed the U -edges of G into
the half-space z ≥ 0 and the B-edges of G into the half-space z ≤ 0. This requires many careful
arguments, and the embedding of U -edges is completely described in [20] Sections 4.6 through
4.10. The construction for B edges is completely analogous and so is omitted.
As before, we are looking for the embedding of a U-edge which gives the longest possible lattice
length. Let e be a U -edge which starts in column i and ends in column j. Following [20], we define
J(e) = |i − j| to be the jump number of e. Diao et. al discuss 3 cases: the first where J(e) = 0
and the end points of e are in the same column ([20] Section 4.7), the second where J(e) = 1
([20] Section 4.8), and the third where 2 ≤ J(e) ≤ k − 1 ([20] Section 4.10). It turns out that the
longest possible U -edge comes from the third case. Many things need to be considered, including
the number of and way that other edges of U are nested between the edge e and the Hamiltonian
cycle C. The path is completely described in [20] Section 4.10 with moves numbered (0) through
(12). In this construction, we see that there are at most
• 3(k − 1) = 3k − 3 x-steps from moves (2), (4), (6), (8), (10);
• 2(4k) + 2 = 8k + 2 y-steps from moves (0), (3), (9), (12);
• 2(3k − 1) = 6k − 2 z-steps from moves (1), (5), (7), (11).
Thus any individual U - or B-edge e has step number at most
Step(e) ≤ (3k − 3)x+ (8k + 2)y + (6k − 2)z.
We recall from the definition of the Hamiltonian cycle C, the total number of U - and B-edges
is n. Following [20], we let F denote the embedding of the Hamiltonian RP-graph G in the cubic
lattice. To summarize, F is the union of the embedding of the Hamiltonian cycle C, and the
embedding of all of the U - and B-edges in the cubic lattice. In [20] Theorem 4.13, Diao et al.
prove that the lattice graph F is ambient isotopic to the RP-graph G of K.
We can now give a more detailed version of [20] Theorem 4.14. (Note that our coefficients end
up being a little different since we do not bound Step(C) from above as in [20].)
Theorem 12. Let G be a Hamiltonian RP-graph with n vertices, then G can be embedded onto a
lattice graph F such that
Step(F ) ≤ (3nd√ne − 3n+ 6d√ne − 2)x+ (8nd√ne+ 5n+ 4d√ne+ 3)y + (6nd√ne)z,
and
Len(F ) ≤ 17nd√ne+ 2n+ 10d√ne+ 1.
Proof. In order to get an upper bound on the total number of steps for F , we combine the step
bounds on the Hamiltonian cycle C, and all of the U - and B-edges. We also recall that k = d√ne.
Step(F ) ≤ (6k − 2)x+ (3n+ 4k + 3)y + (2n)z + n[(3k − 3)x+ (8k + 2)y + (6k − 2)z]
= (6k − 2 + 3nk − 3n)x+ (3n+ 4k + 3 + 8nk + 2n)y + (2n+ 6nk − 2n)z
= (3nk − 3n+ 6k − 2)x+ (8nk + 5n+ 4k + 3)y + (6nk)z
= (3nd√ne − 3n+ 6d√ne − 2)x+ (8nd√ne+ 5n+ 4d√ne+ 3)y + (6nd√ne)z
Set x = y = z = 1 in Step(F ) to get the length bound. 
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4.3. Immerse the knot or link in the planar lattice. In the previous two sections we saw how to
take a knot or link K, find a Hamiltonian RP-graph G, and embed this graph into the cubic lattice.
We denoted this embedding by F . We now take F and make changes to it to get bounds on folded
ribbonlength of knots.
We now proceed to Stage 3 of our method: embedding a knot or link K into the cubic lattice.
We do this by taking the embedded graph F just constructed and resolving the vertices so there
are two distinct strands. To do this we follow the argument given in [20] Theorem 5.1. At each
vertex v`, there are two edges incident to v` along the y-direction. We move these two edges one
unit in the x-direction (either to the left of right) as shown in [20] Figure 18. The edges incident to
v` in the vertical z-direction are unchanged. This gives an embedded curve K ′ in the cubic lattice.
At each vertex we can choose to move the edges to the left or right in such a way so that K ′ is
equivalent to the original knot K. We now recover a more detailed version of [20] Theorem 5.1
(where again our coefficients end up being a little different due to the bounds on Step(C)).
Theorem 13. Let K be a knot or a link, and assume K has a Hamiltonian RP-graph G with n
vertices. Then we can embed K into the cubic lattice such that
Step(K) ≤ (3nd√ne − n+ 6d√ne − 2)x+ (8nd√ne+ 5n+ 4d√ne+ 3)y + (6nd√ne)z,
and
Len(K) ≤ 17nd√ne+ 4n+ 10d√ne+ 1.
Proof. Resolving each vertex as described above adds an extra 2x-steps. In other words, the em-
bedded cubic lattice path K ′ equivalent to K has an extra (2n)x-steps in comparison with F in
Theorem 12. 
We are finally ready for Stages 4 and 5. At this point our discussion departs from the work
in [20]. We project the embedding of K in the cubic lattice to the xy-, or yz-, or xz-plane in order
to get a polygonal knot diagram in the planar lattice. The height of the edges in the direction of
projection gives the crossing information for the corresponding knot diagram. Any knot diagram in
the planar lattice gives a corresponding folded ribbon knot with width w = 1. This means that the
length of the polygonal knot diagram in the planar lattice also gives the folded ribbonlength. When
we look at the embedding of K in the cubic lattice in Theorem 13, it turns out that projecting onto
the xz-plane gives the shortest length in the planar lattice (and hence shortest ribbonlength). We
thus deduce the following results.
Theorem 14. Let K be a knot or a link, and assume K has a Hamiltonian RP-graph G with n
vertices. Then K has a polygonal knot diagram in the planar lattice with length at most
Len(K) ≤ 9n3/2 + 8n+ 6√n+ 4.
Proof. From Theorem 13 we have an embedding of K in the cubic lattice. Now project to the
plane y = 0. As described above, this gives a polygonal knot diagram in the planar lattice. Next
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set x = z = 1 and y = 0 in the expression for Step(K) in Theorem 13. Then
Len(K) ≤ 9nd√ne − n+ 6d√ne − 2
< 9n(
√
n+ 1)− n+ 6(√n+ 1)− 2
= 9n3/2 + 8n+ 6
√
n+ 4.

We are now very close to proving Theorem 2.
Corollary 15. Let K be a knot or a link, and assume K has a Hamiltonian RP-graph G with n
vertices. Then K has a polygonal knot diagram in the planar lattice with folded ribbonlength at
most
Rib(K) ≤ 9n3/2 + 8n+ 6√n+ 4.
Proof of Theorem 2. Recall from Theorem 11 that the number of vertices n of a Hamiltonian RP-
graph of a knot or link K satisfies n ≤ 4 · Cr(K). Apply this to Corollary 15 to prove that the
folded ribbonlength of K satisifies
(1) Rib(K) ≤ 9Cr(K)3/2 + 8Cr(K) + 6√Cr(K) + 4, if K is minimally Hamiltonian, and
(2) Rib(K) ≤ 72Cr(K)3/2 + 32Cr(K) + 12√Cr(K) + 4, otherwise.

5. CONCLUSION
All of the work in this paper is aimed at better understanding the ribbonlength crossing number
problem. That is, finding constants in Equation 1 from Section 2.3;
c1 · (Cr(K))α ≤ Rib(Kw) ≤ c2 · (Cr(K))β.
As discussed in Section 2.3, we know that the infinite families of knots and links (2-bridge,
twist, torus, certain pretzel knots) examined so far have representatives where β = 1.
If we play with the bounds from Equation (2) in Theorem 2 in WolframAlpha, we see that
72Cr(K)3/2 + 32Cr(K) + 12
√
Cr(K) + 4 < 80Cr(K)3/2 when Cr(K) ≥ 20. This gives
constants c2 = 80 and β = 3/2 (provided Cr(K) ≥ 20).
Previously in Theorem 1 we showed that any non-split link K satisfies
(3) Rib(K) ≤ 0.64Cr(K)2 + 2.55Cr(K) + 2.03.
How does this folded ribbonlength compare with our results from Theorem 2? A computation in
WolframAlpha reveals that the values of Equation 3 are smaller than (2) in Theorem 2 only when
Cr(K) ≤ 12, 748. Thus both Theorems 1 and 2 are useful when considering folded ribbonlength.
We remind the reader that our results were inspired by work done on the ropelength prob-
lem. Many other authors have attempted to look at this problem, and currently the best known
bounds relating ropelength to crossing number come from a paper by Y. Diao, C. Ernst, A. Por
and U. Ziegler [19]. There, they show for any knot K that there exists a constant c > 0 such that
Rop(K) ≤ c · Cr(K) ln5(Cr(K)). That is, ropelength is almost linear. We have not attempted to
see if these results can be applied to the folded ribbonlength problem.
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Finally, here are just a few open questions for the folded ribbonlength problem (many are the
direct analogies for the ropelength problem).
(1) Is there a family of knots and links for which folded ribbonlength has super-linear growth
in crossing number? More formally, for any 1 < p ≤ 3/2, is there a constant c > 0
and an infinite family of knots and links such that for any representative K of the family,
Rib(Kw) ≥ c · Cr(K)p?
(2) Is it possible to do better than Theorem 2? Equivalently, is it possible to improve the
embedding of a knot in the planar lattice such that Rib(Kw) ≤ O(Cr(K)p) for some
constant 1 ≤ p < 3/2?
(3) Is it possible to prove that folded ribbonlength is at most linear in crossing number for
all knots and links? That is, for all knots and links, is there a constant c > 0 such that
Rib(Kw) ≤ c · Cr(K)?
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